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= (a1d1 − b1c1)(a2d2 − b2c2) = 1 · 1 = 1,
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_
êffi¿%´¶{³-·Æ±¸À Á¸"°c¸Ê4°c¸´ffi¸À ÁV³¨µP¯Ê ¸·v³hÖß-¶'°$³A´ffi¸Vß-¶'¿ÇÀ Á¸
_
Ð"°c¸Vß-¿CÓP¯
Â²¶'À4µ¨³-±¸À ÁV³-·I´ffi¸Vß-¶PÀ4µP¯
Γ(1)
¼
R = R(Γ(1)) = {τ ∈ H | |τ | > 1 ¸ |Re(τ)| < 1/2} .
-
-
Ìx¸±¯À{´ÁC°6³.ÃÓP¯Ł`o¥!
R∗ = {τ ∈ H | |Re(τ)| < 1/2  |cτ + d| > 1 ö4:¥)ö4
c, d ∈ Z  ÷W:#) (c, d) = 1  c 6= 0}
g
ffiîù:#)
R∗ = R
&
g

τ ∈ R∗  ùú) c = 1  d = 0  îù:#) |τ | > 1  
ö ú
 τ ∈ R &è
.ù  R∗ ⊂ R &`·ö)îú¨  ! τ = x + iy ∈ R  i! c, d ∈ Z
 »:#)
(c, d) = 1

c 6= 0 &`~9C  îù
|cτ + d|2 = |(cx+ d) + i(cy)|2 = (cx + d)2 + (cy)2
= c2(x2 + y2) + 2cdx+ d2 = c2|τ |2 + 2cdRe(τ) + d2
> c2 − 2|cd||Re(τ)|+ d2 > c2 − |cd|+ d2
= (|c| − |d|)2 + |cd| ≥ 1,
#)p>u+P#
c 6= 0 &[è
.ù  τ ∈ R∗  )ùú)) R ⊂ R∗ & g ùú¨  R∗ = R &w"ù  îùP)
ö)ffi`:#)
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
l·÷ø8:#)
R
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6#»ú!$#)ú¨î-»6)
H
&`j*4îù:ö)ffi³ú)Ñ)ùßWú)Àùú)ß)ö÷øpj*¡þ4ú)üý

e
 5

ò @ ó Dp õó 4	Y
Γ(1)
 çø

&"o
τ1, τ2 ∈ R  τ1 6= τ2 úý τ1 Γ(1) τ2 q
g
Nz

#÷ßuîù^ NXP#
R∗ = R 
ö)ffiú)FF$#)÷)Fß
ö)YNö)ßYùú!$#)ú¨&^oi!
τ1 ∈ R∗ ú)) V =
(
a b
c d
)
∈ Γ(1)  ù
τ2 =
aτ1+b
cτ1+d

l

6#)ö»ùú4ù»:#)
τ1 ∼Γ(1) τ2 &~9C 
| − cτ2 + a| =
∣∣∣∣−c
(
aτ1 + b
cτ1 + d
)
+ a
∣∣∣∣ = |ad− bc||cτ1 + d| = 1|cτ1 + d| < 1,
ö»ù |cτ1 + d| > 1 &¬ôffiú¡ ú¨  (−c, a) = 1  öù ad− bc = 1 &w*ß   c 6= 0  ú¨ ý
τ2 /∈ R∗ & g C-#b÷ß)   c = 0  ú¨ ý  ù ad − bc = 1  îù a = d = ±1 
ùú))
τ2 =
±τ1+b
±1 = τ1 ± b
&w"ù

ù
b ∈ Z  τ1 ∼Γ(1) τ2  fl.#)LP# b = 0
U τ2 ∈ R∗ f  ßl  τ2 = τ1  ùú)÷#)ßú)îîùú)üý)6CL&
*P&"o
τ ∈ H ú¨ ýÇõ τ ′ ∈ R  ÷<P# τ ∼Γ(1) τ ′ &
oi!
τ ∈ H & g ÷ßXè
   ö»)îù9ù c, d ∈ Z ß:#) |cτ + d| i!´smßúßî&
g
ùú¨


V =
(
a b
c d
)
∈ Γ(1)  úý  ö÷øÑ%.#)÷ß4) U *'&Ë* f  Im(V (τ)) l=Èõ¥
ú¨HùL÷ßîú¨ù
>:#)v÷ßú¨7
τ
&]wùù

ùú)ß)îù
τ ′ = V (τ)+m 
ffiùîîù
m ∈ Z ÷ :#) |Re(τ ′)| ≤ 1/2 & g +:#) τ ′ ùöú)4fiCú:)îö>#))  46 
îù6îùh:#) |τ ′| ≥ 1 &j*ff    |τ ′| < 1  ú¨ ý  ùú) T ∈ Γ(1)  îù
Im(T (τ ′)) = Im
(−1
τ ′
)
=
Im(τ ′)
|τ ′|2 > Im(τ
′) = Im(V (τ)),
ùú¨)%uú)³Èõ¥ß÷ß4)·)
Im(V (τ))
&`w*
 τ ′ ∈ R  ú)) τ ∼Γ(1) τ ′ &
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

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Γ(1)
_
Õ>¶ ¸x´ffi¸©µP¸À<¯ÁV³Ê ¯°
Γ(n)
_
È¯±¯^¯´¶áÈ¯ÀÔ]²¶PÀ Ái¯LµP¯ffi´¡¸·%¸±¸À Ái¯ffi´
(
a b
c d
)
∈ Γ(1) Á³-¿%´
Õ>¶ ¸
a ≡ d ≡ ±1 k ±¯>µ n l ¸ b ≡ c ≡ 0 k ±¯>µ n l `-[± À<¯ÁV³.ÃÓP¯±s³-ÁC°²¿VÈ¿C³-·
_
Ê{³-°6³?È6³¨µ¨³¡±s³-ÁC°¿{
 fl 
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M ∈ Γ(1)
_
Á¸±pãV´ffi¸AÕ>¶ ¸
M ∈ Γ(n) ´ffi¸ M ≡ ±I k ±¯>µ n l
_
´ffi¸À4µP¯³¢È¯ÀPß-°²¶bÀ<È¿C³LÈ¯À{´¿CµP¸°$³¨µ¨³
¸± °c¸·v³.ÃÓP¯x³È6³¨µ¨³¶P± µP¯ffi´Á¸°²±¯ffi´+È¯°²°c¸´Ê ¯À4µP¸À Ái¸´
µ¨³´±s³-ÁC°¿{¸´.`|"·%Ð± µ-¿%´´ffi¯
_
Γ0(n)
Ð
ÁC¿CµP¯
È¯±¯¯9´¶áß-°²¶ffiÊ ¯µP¸
Γ(1)
´¶ä]¸¿ÇÁi¯^³
b ≡ 0 k ±¯>µ n l
_
¸
Γ0(n)
¯L´¶{áß-°²¶Ê ¯^µP¸
Γ(1)
³P¯^Õ>¶³-·
¿Ç±"Ê ¯±¯ffi´
c ≡ 0 k ±¯>µ n l `8®`¿ÇÀ4³-·Æ±¸À Á¸
_
Γϑ
ÐxµP¸EÖ`À ¿CµP¯XÈ¯±¯X¯´¶áß-°²¶ffiÊ ¯µP¸
Γ(1)
ßP¸°$³¨µP¯ffÊ ¯°
S2
¸
T
_
¿%´Ái¯XÐ
Γϑ = 〈S2, T 〉 k ϑ ¼"ê³-°²¿C³-À Ái¸2µ¨³·%¸Á°$³pß-°c¸Vß¨³ θ l `
o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îö÷ß9ff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Γ(1)
)þ)ú)ß)ffß
ý

 

6#{ù6#)ö»ù=)
Γ(1)
&`n
)$ùH xIlz:#)

ö4
n = 1  Γ(n)
ùßú)ß)Pù
ù6#)ö»#)÷ß>&
Łbb)6 -:#)

ú)4

 à)9:#)
Γ(n)
lY$#ù$#)ö»ú)÷
Γ(1) 
àîî
ú4ý´ú))ù3ù*-#ù*$#ù$#)ö*4þ4ú)üý{&
j*2 

4
(
a0 b0
c0 d0
)
∈ Γ(n)
U a0 ≡ d0 ≡ ±1 U î¥ n f  b0 ≡ c0 ≡ 0 U  n f6f 
(
a b
c d
)
∈ Γ(1)  îù
(
a b
c d
)(
a0 b0
c0 d0
)(
a b
c d
)−1
=
=
(
a b
c d
)(
a0 b0
c0 d0
)(
d −b
−c a
)
=
(
ada0 + bdc0 − acb0 − bcd0 −aba0 − b2c0 + a2b0 + abd0
cda0 + d
2c0 − c2b0 − cdd0 −bca0 − bdc0 + acb0 + add0
)
≡
(
ad(±1)− bc(±1) −ab(±1) + ab(±1)
cd(±1)− cd(±1) −bc(±1) + ad(±1)
)
=
(
±(ad− bc) 0
0 ±(−bc + ad)
)
=
(
±1 0
0 ±1
)
= ±I U  n f .
è
.ù

ö44
V ∈ Γ(1)  +P# V Γ(n)V −1 ⊂ Γ(n)  )ùú)) Γ(n) / Γ(1) & g ù*.#¥
÷ø

4)
(
a b
c d
)
∈ Γ0(n) U c ≡ 0 U  n f6f  :#)
T
(
a b
c d
)
T−1 =
(
0 −1
1 0
)(
a b
c d
)(
0 1
−1 0
)
=
(
d −c
−b a
)
∈ Γ0(n),
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TΓ0(n)T
−1 ⊂ Γ0(n) &w*ú)÷ß.ùú¨  4
(
a b
c d
)
∈ Γ0(n)  ö»)îù
ù
(
d −c
−b a
)
∈ Γ0(n) fl
(
a b
c d
)
= T
(
d −c
−b a
)
T−1 
)î¥¢:#)
Γ0(n) ⊂ TΓ0(n)T−1 & g ùú¨  TΓ0(n)T−1 = Γ0(n)  þ4ú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:#)fiú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&[wVß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Γ0(n)
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Γ0(n) 
l
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
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SΓϑS
−1 = Γ0(2) 
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Γϑ
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Γ(1)
&
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C6#{ù6#)ö»ùfl&xw*ú¨

ö»ù6l

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
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n ∈ {1, 2, 3, 4}
_
¸¢È¯À{´¿CµP¸°c¸
Γ1
¯?ß-°²¶ffiÊ ¯LßP¸°$³¨µP¯Ê ¸·v³´¡Á°$³-À{´EÂ¯°²±s³.ÃÄffi¸´
·Æ¿ÇÀ<¸6³-°c¸´hÂ²°$³PÈ¿V¯À4Í-°²¿C³´pµ¨³8Â¯°²±s³
τ 7→ τ + √n ¸ τ 7→ −1/τ ¯¶
_
¸± À<¯ÁV³.ÃÓP¯X±s³-ÁC°²¿VÈ¿C³-·
_
Ê ¯°(
1
√
n
0 1
)
¸
(
0 1
−1 0
)
= T
`xÏW¸^]fl³
Γ2
¯¢È¯ÀÔ]²¶PÀ Ái¯XµP¸AÁi¯>µ¨³´p³´xÁC°$³-À{´EÂ¯°²±s³.ÃÄffi¸´x·Æ¿ÇÀ<¸6³-°c¸´
Â²°$³PÈ¿V¯À4Í-°²¿C³´2µP¯ffi´AµP¯¿%´
´ffi¸Vß-¶P¿ÇÀ Á¸´8Á¿ËÊ ¯ffi´.¼
fg`
τ 7→ aτ+b
√
n
c
√
nτ+d _
ÁV³-·Õ>¶T¸
a, b, c, d ∈ Z ¸ ad− nbc = 1 h
j
`
τ 7→ a
√
nτ+b
cτ+d
√
n _
ÁV³-·Õ>¶T¸
a, b, c, d ∈ Z ¸ nad− bc = 1 `
[À ÁVÓP¯
Γ2
Ð"ß-°¶ffiÊ ¯¿CµbÀ ÁC¿VÈ¯©³
Γ1
`
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g
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Γ2
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SL2(R)/{±I}  )=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n = 1 f
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√
n d
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 −1/2 ≤ Re(τ) ≤ 1/2 + (λ − 1)  .# −1/2 ≤ Re(τ) ≤ λ − 1/2 
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q =
∞ & ~·  A(∞) = ∞   ö»ùú¨  A = St  ö)÷%.#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ASλA−1 = Sλ ∈ Γ  ö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F (τ + λ) = F (Sλτ) = υ(Sλ)(0τ + 1)rF (τ) = e2piiκF (τ),
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g(τ) = e−2piiκτ/λF (τ) 
ù
g(τ + λ) = e−2piiκ(τ+λ)/λF (τ + λ)
= e−2piiκτ/λe−2piiκe2piiκF (τ)
= e−2piiκτ/λF (τ) = g(τ),
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τ ∈ H &`w"ùù  )ú)ú)) w = e2piiτ/λ  ù τ = x + iy  
w = e2pii(x+iy)/λ = e−2piy/λei(2pix/λ).
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τ ∈ H & ( ùî |w| = e−2piy/λ   0 < |w| < 1 U )ßz)³ß
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F (τ)
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h(w) =
n=∞∑
n=−∞
bnw
n,
ö4
0 < |w| < ρ & ~·z  0 < e−2piy/λ < ρ  )ùú) y > (λ/2pi) ln(1/ρ) = yj ≥ 0 &
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
ö4
y = Im(τ) > yj 
îù
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n=−∞ bnw
n .#

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e−2piiκτ/λF (τ) =
∞∑
n=−∞
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F (τ) =
∑∞
n=−∞ bne
2pii(n+κ)τ/λ.
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 A−1τ = (St)−1(τ) = τ − t  )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F (τ) =
∞∑
n=−∞
bne
2pii(n+κ)(A−1τ+t)/λ
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n=−∞
bne
2pii(n+κ)t/λ︸ ︷︷ ︸
an(j)
e2pii(n+κ)(A
−1τ)/λ,
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Im(A−1τ) = Im(τ) > yj 
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q = ∞ &]r#ú4÷ú 
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F (τ)
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H 
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h(w)
lCfl.#)÷ø9ö4
0 < |w| < 1  )):#)ö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ρ = 1
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yj = 0
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M(q) = ASλA−1(q) = A(Sλ(A−1(q))) = A(Sλ(∞)) = A(∞) = q.
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M(q) = q
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ϕ(Mτ) = (Mτ − q)rF (Mτ)
= (Mτ − q)r(γτ + δ)rυ(M)F (τ)
= (τ − q)re2piiκF (τ)
= e2piiκϕ(τ),
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ϕ(ASλA−1τ) = e2piiκϕ(τ),
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ϕ(ASλτ) = e2piiκϕ(Aτ).
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g(τ) = e−2piiκτ/λϕ(Aτ) 
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g(τ + λ) = g(Sλτ)
= e−2piiκ(τ+λ)/λϕ(ASλτ)
= e−2piiκτ/λe−2piiκe2piiκϕ(Aτ)
= e−2piiκτ/λϕ(Aτ) = g(τ).
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g(τ) = e−2piiκτ/λϕ(Aτ) = e−2piiκτ/λ(Aτ − q)rF (Aτ),
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F (τ)
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(
∗ ∗
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2piiκτ/λ
(Aτ − q)r
= α(τ)g(τ), U
t
&Ëþ
f
ùú)
α(τ) =
e2piiκτ/λe−2piiκ(A
−1V Aτ)/λυ(V )(cAτ + d)r(V Aτ − q)r
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E = c2 − (ac+ bc + ad)(c2 − 1)
= c2 − (ac+ 2bc+ 1)(c2 − 1)
= −c2(ac + 2bc) + ac+ 2bc + 1
= c(a+ 2b)(1− c2) + 1
= (1− c)c(1 + c)(a+ 2b) + 1.
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c
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pii
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[(a+ d)c− bd(c2 − 1)− 3c+ 1]
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=
( c
d
)
∗
exp
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[(a+ d)c− bd(c2 − 1) + 3d− 3− 3cd]
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=
( c
d
)
∗
exp
{
pii
12
[(a+ d)c− bd(c2 − 1) + 3d− 2− 3cd]
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}
,
DF`JMLDL
c
]F
?!m
æ
A
J~]^
?
W
?
^KF
[E?BA?
c = 0 r
>
L
A
U
?
HULC
[
LDFJoLBN
?
NYN]JMI
A
c 6= 0 C
F5NZ
A
FVWOF5HDL c = 2αc0 CLBHDF c0 _
\
J
[E?BA
F α ≥ 1 r } FNNYFqJoLpDLC|]UIX^KI yh? HDL t NYF
?
N
[E?BA
UF5N²DL&ÓF5J
?
ä
ó
DL

?9[\
U]^KLqäIKHDIXZ
?
D
?
N
?
ZIKJ
?
DLBNSNIKH
?
IKNzDF~IKRB]
?
^KD
?
DFBC
UF5JMLON(
c
c + d
)
∗
=
(
2αc0
|c + d|
)
(−1) ³R´ µ±¶ (c)−12 ³R´ µ±¶ (c+d)−12
3.
=
(
2
|c + d|
)α(
c0
|c + d|
)
(−1) ³R´ µ±¶ (c)−12 ³R´ µ±¶ (c+d)−12
7.
=
(
2
|c + d|
)α(
c + d
|c0|
)
(−1) sign(c0)−12 sign(c+d)−12 (−1) c0−12 c+d−12
· (−1) ³R´ µ±¶ (c)−12 ³O´ µ±¶ (c+d)−12
=
(
2
|c + d|
)α(
c + d
|c0|
)(
(−1) sign(c)−12 sign(c+d)−12
)2
(−1) c0−12 c+d−12
=
(
2
|c + d|
)α(
c + d
|c0|
)
(−1) c0−12 c+d−12
1.
=
(
2
|c + d|
)α(
d
|c0|
)
(−1) c0−12 c+d−12
7.
=
(
2
|c + d|
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) d−12 c0−12 (−1) c0−12 c+d−12
=
(
2
|c + d|
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 c2 (−1) c0−12 (d−1)︸ ︷︷ ︸
1
5.
=
(
(−1) |c+d|
2−1
8
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 c2
=
(
(−1) d
2−1
8 (−1) c
2+2cd
8
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 c2
5.
=
(
2
|d|
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 c2 (−1) c
2+2cd
8
α
3.
=
(
2αc0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 c2 (−1) c
2+2cd
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α
=
( c
d
)
∗
(−1) c0−12 c2 (−1) c
2+2cd
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α =
( c
d
)
∗
e(pii/12)[
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2
α(c2+2cd)+3c(c0−1)].
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υη(M
′) =
( c
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{
pii
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[(a + c+ d)c− (a + b)(c+ d)(c2 − 1) + 3(c+ d)− 3
− 3c(c+ d) + 3
2
α(c2 + 2cd) + 3c(c0 − 1)
]}
=
( c
d
)
∗
exp
{
pii
12
[(a + d)c− bd(c2 − 1) + 3d− 2− 3cd+ E]
}
,
LOHDF
E = c2 − (ac+ bc + ad)(c2 − 1) + 3c− 1− 3c2 + 3
2
α(c2 + 2cd) + 3c(c0 − 1).
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E ≡ 0 âxJMLD ó ãkåVr ì LBUF c ]F
E = −2c2 − (ac+ 2bc + 1)(c2 − 1) + 3c− 1 + 3
2
αc2 + 3αcd+ 3c(c0 − 1)
= −3c2 − (ac+ 2bc)(c2 − 1) + 3c+ 3
2
αc2 + 3αcd+ 3c(c0 − 1).
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]F 8 | E r   F α = 2 CEF5HU g L
E = −3c2 − (ac + 2bc)(c2 − 1) + 3c+ 3c2 + 6cd+ 3c(c0 − 1)
= −(ac + 2bc)(c2 − 1) + 6cd+ 3cc0
= c[3c0 + 6d− (a+ 2b)(c2 − 1)]
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E = −3c2 − (ac+ 2bc)(c2 − 1) + 3c+ 3
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c2 + 3cd+ 3c
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2
− 1
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= −(ac + 2bc)(c2 − 1) + 3cd
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′)(cτ + d− c)1/2 = υη(M)υη(S−1)(cS−1τ + d)1/2
= υη(M)υη(S
−1)(cτ + d− c)1/2,
LO]
υη(M
′) = υη(M)υη(S
−1)
=
(
d
c
)∗
exp
{
pii
12
[(a + d)c− bd(c2 − 1)− 3c]
}
e−pii/12
=
(
d
c
)∗
exp
{
pii
12
[(a + d)c− bd(c2 − 1)− 3c− 1]
}
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exp
{
pii
12
[(a+ d− c)c− (b− a)(d− c)(c2 − 1)− 3c]
}
=
(
d
c
)∗
exp
{
pii
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[(a+ d)c− bd(c2 − 1)− 3c− 1 + E]
}
,
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E = −c2 + (2bc− ac+ 1)(c2 − 1) + 1
= c2(2bc− ac)− 2bc + ac− 1 + 1
= c(2b− a)(c2 − 1)
= (c− 1)c(c+ 1)(2b− a),
¡¡ ;
$²P²
¯
²
°vpÏÑÐ
²
Ï ÔeÕ°¯xÜ@Õ®¯ EOÐEÒÞ Î¯
²
υη

υϑ
DLOHDF E ≡ 0 â§JoLpD ó ãkåŁrBÓLOROLC
υη(M
′) =
(
d
c
)∗
exp
{
pii
12
[(a+ d)c− bd(c2 − 1)− 3c− 1]
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=
( c
d
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exp
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[(a + d)c− bd(c2 − 1) + 3d− 3− 3cd]
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( c
d
)
∗
exp
{
pii
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[(a + d)c− bd(c2 − 1) + 3d− 4− 3cd]
}
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c
d− c
)
∗
=
(
2
|d− c|
)α(
c0
|d− c|
)
(−1) ³R´ µ±¶ (c)−12 ³R´ µ±¶ (d−c)−12
=
(
2
|d− c|
)α(
d− c
|c0|
)
(−1) sign(c0)−12 sign(d−c)−12 (−1) c0−12 d−c−12
· (−1) ³R´ µ±¶ (c)−12 ³R´ µ±¶ (d−c)−12
=
(
2
|d− c|
)α(
d
|c0|
)
(−1) c0−12 d−c−12
=
(
2
|d− c|
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) d−12 c0−12 (−1) c0−12 d−c−12
=
(
(−1) |d−c|
2−1
8
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 (−c)2
=
(
2
|d|
)α(
c0
|d|
)
(−1) sign(d)−12 sign(c0)−12 (−1) c0−12 (−c)2 (−1) c
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8
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=
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)
∗
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α =
( c
d
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∗
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α(c2−2cd)−3c(c0−1)].
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α(c2 − 2cd)− 3c(c0 − 1).
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